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Abstract

Theability to positionasmallsubsetof meshverticesandproducea
meaningfuloveralldeformationof theentiremeshis a fundamental
taskin mesheditingandanimation.However, theclassof meaning-
ful deformationsvariesfrom meshto meshanddependson mesh
kinematics,which prescribesvalid meshcon�gurations,anda se-
lection mechanismfor choosingamongthem. Drawing an anal-
ogy to the traditionaluseof skeleton-basedinversekinematicsfor
posingskeletons,we de�ne mesh-basedinversekinematicsasthe
problemof �nding meaningfulmeshdeformationsthatmeetspeci-
�ed vertex constraints.

Our solutionrelieson examplemeshesto indicatethe classof
meaningfuldeformations.Eachexampleis representedwith a fea-
turevectorof deformationgradientsthatcapturetheaf�ne transfor-
mationswhich individual trianglesundergo relative to a reference
pose.To posea mesh,our algorithmef�ciently searchesamongall
mesheswith speci�edvertex positionsto �nd theonethatis closest
to someposein a nonlinearspanof the examplefeaturevectors.
Sincethe searchis not restrictedto the spanof exampleshapes,
this producescompellingdeformationseven whenthe constraints
requireposesthat aredifferent from thoseobserved in the exam-
ples.Furthermore,becausethespanis formedby anonlinearblend
of theexamplefeaturevectors,theblendingcomponentof oursys-
temmayalsobeusedindependentlyto posemeshesby specifying
blendingweightsor to computemulti-waymorphsequences.
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1 Intro duction

Theshapeof a polygonmeshdependson thepositionsof its many
vertices. Although suchshapescanbe manipulatedby displacing
every vertex manually, this processis avoidedbecauseit is tedious
anderror-prone. Existingmeshediting toolsallow themodelerto
sculpta mesh's shapeby editing only a few verticesandusegen-
eralnumericalcriteriasuchasdetailpreservationto positionthere-
mainingones.In animation,theclassof meaningfuldeformations
cannotbe capturedby simplenumericalcriteria becauseit varies
from meshto mesh. The meshkinematics—how the verticesare
allowed to move—aswell as a mechanismfor choosingone out
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Figure 1: A simple demonstrationof MESHIK. Top row: Two
examplesaregiven,shown in greenin the left column. By �xing
one cap in placeand manipulatingthe other end, the bar bends
like the examples. Bottom row: If a different examplebend is
provided,MESHIK generatesthenew typeof bendwhenthemesh
is manipulated.

of many kinematicallyvalid meshesmustbeconsideredwhenpos-
ing a meshin a meaningfulway. Skeleton-basedarticulationis of-
tenusedin animationto approximatemeshkinematicscompactly.
However, skeletonscannoteasilyprovide the rich classof defor-
mationsaffordedby sculptingtechniquesandonly allow indirect
interactionwith themeshvia the joint anglesof theskeleton.Our
methodallows theuserto directlypositionany subsetof meshver-
ticesandproducesa meaningfuldeformationautomatically. Com-
plex posechangescanbeaccomplishedintuitively by manipulating
only afew vertices.In analogyto traditionalskeleton-basedinverse
kinematicsfor posingskeletons,wecall thisgeneralproblemmesh-
basedinversekinematics, andourexamplesolutionMESHIK.

Our MESHIK algorithmlearnsthe spaceof meaningfulshapes
from examplemeshes.Using the learnedspace,it generatesnew
shapesthat respectthe deformationsexhibited by the examples,
yet still satisfyvertex constraintsimposedby the user. Although
theuserretainscompletefreedomto preciselyspecifytheposition
of any vertex, for most tasks,only a few verticesneedto be ma-
nipulated. MESHIK usesunstructuredmeshes—trianglemeshes
with no assumptionaboutconnectivity or structure—thatcan be
scanned,hand-sculpted,designedwith free-form modelingtools,
or computedwith arbitrarily complex proceduralor simulation
methods. As a result, MESHIK provides a tool that simpli�es
posingtaskseven when traditional animationor editing methods
do not apply. The animatorcanposethe objectby moving only
a few of its verticesor bring it to life by key-framing thesevertex
positions. Furthermore,the user always retainsthe freedomto
choosethe class of meaningful deformationsfor any mesh, as
demonstratedby Figure1.

MESHIK representseachexamplewith a feature vectorthatde-
scribeshow theexamplehasdeformedrelative to areferencemesh.
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The feature space, de�ned as a nonlinearspanof the example
featurevectors,describesthe spaceof appropriatedeformations.
Whenthe userdisplacesa few meshvertices,MESHIK positions
the remainingverticesto producea meshwhosefeaturevector is
ascloseaspossibleto the featurespace.This ensuresthat the re-
constructedmeshmeetstheuser's constraintsexactly while it best
reproducestheexampledeformations.

Ourprimarycontribution is a formulationof mesh-basedinverse
kinematicsthat allows meaningfulmeshdeformationsand pose
changesto be achieved in an intuitive mannerwith only a small
amountof work by the user. We presentan ef�cient methodof
nonlinear, multi-way interpolationof unstructuredmeshesusinga
deformation-gradientfeaturespace. We demonstratean ef�cient
optimizationtechniqueto searchfor meshesthat meetusercon-
straintsand are close to the featurespace. Our methodallows
interactive manipulationof moderatelysizedmesheswith around
10;000verticesand10examples.

2 Related Work

Mesh editing allows the user to move a few verticesarbitrarily
and employs somenumericalobjective such as detail preserva-
tion or smoothnessto placethe remainingones. Subdivision and
multi-resolutiontechniquesachieve detail-preservingeditsat vary-
ing scaleswith representationsthat encodemeshdetailsasvertex
offsetsfrom topologically[Zorin et al. 1997;Kobbeltet al. 2000]
or geometrically[Kobbeltet al. 1998;Guskov et al. 1999]simpler
basemeshes.

Other editing methodsuse intrinsic representationssuch as
Laplacian(alsocalleddifferential)coordinates[Alexa 2003; Lip-
manetal. 2004;Sorkineetal. 2004]or pyramidcoordinates[Shef-
fer andKraevoy 2004]. Sinceeachvertex positionis encodedby
its relationshipto its neighbors,local edits madeto the intrinsic
representationpropagate to the surroundingverticesduring mesh
reconstruction.Theeditingtechniqueof Yu andcolleagues[2004]
solvesa Poissonequationdiscretizedover the mesh. We usethe
deformation-gradientrepresentation[Sumnerand Popović 2004],
whichdescribesaf�ne transformationsthatindividual trianglesun-
dergo relative to a referencepose,anddiscussthis choicein Sec-
tion 3.1. All of theseintrinsic methodshave high-level similarities
but differ in thedetails.For example,wealsosolveaPoissonequa-
tion sincethenormal-equationsmatrix in our formulationamounts
to a form of aLaplacian,andthefeaturevectorto aguidance�eld.

The differencesbetweeninverse kinematics and editing are
bestillustratedthroughthetypical useof both techniques.Editing
sculptsmeshesto createnew objects, while inversekinematics
manipulatessuchobjectsto enliven them. The main implication
of this differenceis that editing concentrateson an object's shape
(how it looks)while inversekinematicsconcentratesonanobject's
deformation(how it moves). In the absenceof a convenient
numerical objective (e.g., detail preservation, smoothness)that
describeshow an arbitrary object moves, inversekinematicson
meshesmust learn the spaceof desirablemesh con�gurations.
Sucha generalapproachis not necessaryin specialcases(e.g.,
when a skeleton expressesthe spaceof desiredcon�gurations),
but for cloth, hair, and other soft objects, the generalapproach
of MESHIK, which infers a meaningfulspacefrom a seriesof
user-providedexamples,is required.

Work hasbeendonein theanimationcommunityonthecompact
representationof sets,or animationsequences,of meshes.Alexa
andMüller [2000] compressanimationsequencesusingprincipal
componentanalysis(PCA). This approximatesthe setby a linear
subspaceof meshspace. Similarly, Hauser, Shen,and O'Brien
[2003]usemodalanalysisof linearelasticequationsto inferastruc-
ture commonto all linear elasticmaterials. Modal analysisuses
eigen-analysisof massandstiffnessmatricesto extracta smallset
of basisvectorsfor thehigh-energy vibrationmodes[Pentlandand

Figure 2: We compareour nonlinearfeature-spaceinterpolation
schemewith our implementationof theas-rigid-as-possiblemethod
for two 2D interpolationsequences.The resultof our boundary-
basedmethodis displayedas the red line segmentwhile the as-
rigid-as-possibleinterpolationis shown as the black triangulated
region. The body of the snake and the trunk of the elephantde-
form in a similar, locally rigid fashionfor bothmethods.However,
our methodis numericallymuchsimpleraswe only considerthe
boundaryratherthanthecompatibledissectionof theinterior.

Williams 1989].However, while botharewell-understoodandsim-
pleto implement,their inherentlylinearstructuremakestheminap-
propriatefor describingnonlineardeformations.For example,lin-
earinterpolationof rotationswill shortenthe mesh. Furthermore,
PCA works well for compressionof existing meshes,but is less
appropriatefor guiding the searchoutsidethe subspacedescribed
by the principle components.Hybrid approachesavoid the prob-
lems associatedwith linear interpolationin the specialcasethat
the nonlinearitiescan be expressedin termsof skeletal deforma-
tion [Lewis et al. 2000; Sloanet al. 2001]. MESHIK generalizes
theseapproacheswith anonlinearcombinationof exampleshapes.

This nonlinearblendcanbe thoughtof asan n-way boundary-
basedversion of as-rigid-as-possibleshapeinterpolation [Alexa
etal. 2000].Ratherthanperforminga two-way interpolationbased
onthecompatibledissectionof theinteriorof two shapes,MESHIK
interpolatestheboundaryof n shapes.Thepracticalimplicationof
thisreformulationis signi�cant. MESHIK interpolationis fasterbe-
causeit solvesfor fewer verticesandeasierto applybecausecom-
patible dissectionof n shapeinteriors is dif�cult without adding
an extremely large numberof Steinervertices. An experimental
comparisonof the two methodsis shown in Figure2 anddemon-
stratesthat, for 2D polygonalshapes,MESHIK interpolationbe-
havesreasonablydespiteignoring the interior. The remainingre-
sults in the paperandour experiencewith MESHIK indicatethat
the sameholds for 3D meshes. Concurrentwith our work, Xu
andcolleagueshave developeda boundary-basedmeshinterpola-
tion schemesimilar to our nonlinearfeaturespacemethod[2005].
However, while Xu andcolleaguesfocuson interpolationwith pre-
scribedblendingweights,ourprimarycontribution is aformulation
of mesh-basedinversekinematicsthathidestheseweightsfrom the
userbehindanintuitive interactionmetaphor.

Techniquesclosestto our approacharethosethat learnskeleton
or meshcon�gurationsfrom examples.The�rst suchsystemlearns
thespaceof desirableskeletoncon�gurationsby linearly blending
examplemotions[Roseet al. 2001]. FaceIK [Zhanget al. 2004]
usesa similar approachon meshesto generatenew facial expres-
sionsby linearly blendingthe acquiredfacescans. Theselinear
approachesexhibit the samedif�culties asthosediscussedabove.
Furthermore,every meshor skeletonis con�ned to the linearspan
of thebasisshapes.MESHIK blendsnonlinearlyand doesnot re-
strictameshto bein thenonlinearspanof exampleshapes.Instead,
it favorsmeshesthatarecloseto, but notnecessarilyin, thisnonlin-
earspace.Thesedesignchoices,at thecostof slowerperformance,
allow MESHIK to generatecompellingmeshesevenwhenthey dif-
fer signi�cantly from the exampleshapes.When linear blending
suf�ces, thesameprinciplecanbeusedto improve its generaliza-
tion outsidethe spaceexploredby examples.Style-basedinverse
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kinematics[Grochow etal. 2004]describesanalternativenonlinear
approachwhich learnsa probabilisticmodelof desirableskeleton
con�gurations. However, bridging the gap between60 degreesof
freedomin a typical skeletonand30,000degreesof freedomin a
moderatemeshis themainobstacleto applyingthispromisingtech-
niqueto meshes.

Ngo andcolleagues[2000] introducecon�gurationmodelingas
afundamentalproblemin computergraphicsandpresentasolution
for describingthe con�guration spaceof two-dimensionaldraw-
ings. JamesandFatahalian[2003] usea similar approachto pre-
computenumericalsimulationsfor themostcommonsetof control
inputs. MESHIK �ts in naturallywith thesecon�guration models
by enhancingthereparameterizationmap[Ngo et al. 2000],which
prescribeshow to extrapolateand generalizefrom suchexample
drawingsandprecomputedstates.

3 Principles of MeshIK

MESHIK usesthe examplemeshesprovided by the userto form
a spaceof meaningfuldeformations.The de�nition of this space
is critical as it must includedeformationsrepresentative of those
exhibitedby theexamplesevenfar from thegivendata.Thekey to
designinga goodspaceis to extract, from eachexample,a vector
of featuresthatencodesimportantshapeproperties.Weusefeature
vectorsthatencodethechangein shapeexhibitedby theexamples
ona triangle-by-trianglebasis.

The simplestfeaturespaceis just the linear spanof the feature
vectorsof theexampleposes.Although this spaceis not whatwe
will ultimatelyuse,wedescribeit �rst becauseit is simple,fast,and
may still be valuablein applicationswherelinearity assumptions
aresuf�cient [Blanz andVetter1999; Ngo et al. 2000] or where
artifactscanbe avoidedby densesampling[Bregler et al. 2002].
Our morepowerful nonlinearspanis requiredin the generalcase
whenthe naturalinterpolationof the exampledeformationsis not
linear(e.g.,for rotations).

An editedmeshcanbe reconstructedfrom a featurevectorby
solvingaleastsquaresproblemfor thefreeverticeswhile enforcing
constraintsfor eachvertex thattheuserhaspositioned.Becausethe
featurevectoris an intrinsic representationof the meshgeometry,
theerror incurredby �xing someverticesasconstraintswill prop-
agateacrossthe mesh,ratherthanbeingconcentratedat the con-
strainedvertices.Ouralgorithmcouplestheconstrainedreconstruc-
tion processwith a searchwithin featurespaceso that it �nds the
positionin featurespacethathastheminimal reconstructionerror.

3.1 Feature Vectors

An obvious and explicit way to representthe geometryof a tri-
angle meshis with the coordinatesof its verticesin the global
frame. However, this representation,while simple and direct, is
a poorchoicefor any mesheditingoperationasthecoordinatesin
theglobalframedonot capturethelocal shapepropertiesandrela-
tionshipsbetweenvertices[Sorkineetal. 2004].

For manipulatingmeshes,it is moreuseful to describea mesh
asa vector in a different featurespacebasedon propertiesof the
mesh.Thecomponentsof thefeaturevectorrelatethegeometryof
nearbyverticesandcapturetheshort-rangecorrelationspresentin
themesh.MESHIK usesdeformationgradientsor, asBarr [1984]
refersto them, local deformations,as the featurevector. Defor-
mationgradientsdescribethe transformationeachtriangleunder-
goesrelative to a referencepose.They wereusedby Sumnerand
Popović [2004] to transferdeformationfrom onemeshto another
andaresimilar to therepresentationusedby Yu etal. [2004].

Deformation Gradient Given a referencemeshP0 and a de-
formedmeshP, eachcontainingn verticesandm trianglesin the
sameconnectivity structure,we would like to computethe feature

vectorf correspondingto P. A deformationgradientof atriangleof
P is theJacobianof theaf�ne mappingof theverticesof thetriangle
from theirpositionsin P0 to theirpositionsin P. Sincethepositions
of thetriangle'sverticesin P0 andP donotuniquelyde�ne anaf�ne
mappingin R3, weaddto eachtriangleafourthvertex, asproposed
by SumnerandPopović [2004]. Thisstrategy ensuresthattheaf�ne
mapscalesthedirectionperpendicularto thetrianglein proportion
to the lengthof theedges.For simplicity, whenwe discussmatrix
dimensionsin termsof the variablen, we meanfor n to include
theseaddedvertices.

DenotebyF j theaf�ne mappingof the j-th trianglethatoperates
onapointp 2 R3 asfollows:

F j (p) = T jp+ t j :

The 3 � 3 matrix T j containsthe rotation, scaling,and skewing
components,andthevectort j de�nesthetranslationcomponentof
theaf�ne transformation.

Thedeformationgradientis theJacobianmatrixDpF j (p) = T j ;

which is computedfrom thepositionsof thefour verticesf v̄ j
kg and

f v j
kg, (1 � k � 4), in P0 andP respectively:

T j =
h
v j

1 � v j
4 v j

2 � v j
4 v j

3 � v j
4

i
�

h
v̄ j

1 � v̄ j
4 v̄ j

2 � v̄ j
4 v̄ j

3 � v̄ j
4

i � 1
: (1)

TransformationT j is linear in the verticesf v j
kg. Thus,assuming

the verticesof the referenceposeare �x ed, the linear operatorG
extractsa featurevectorfrom thedeformedmeshP:

f = Gx: (2)

Thevectorx = (x1; ::;xn;y1; ::;yn;z1; ::;zn) 2 R3n stacksthecoordi-
natesof meshverticesf vign

i= 1 of P. Thecoef�cients of G depend
only on the verticesof the referencemeshP0 andcomefrom the
invertedmatrix in Eq. (1). Thematrix G is built suchthat the fea-
turevectorf 2 R9m that resultsfrom themultiplicationGx will be
the unrolledandconcatenatedelementsof the deformationgradi-
entsT j for all m triangles.Hence,theexpressionGx is equivalent
to evaluatingEq. (1) for eachtriangleandpackagingthe resulting
3� 3 matricesfor eachof themtrianglesinto onetall vector.

The linear operatorG is a 9m� 3n matrix. But, becausethe
computationis separablein the threespatialcoordinates,G hasa
simpleblock-diagonalstructure:

G =

"
G

G
G

#

:

Eachblock G is a sparse3m� n matrix with four nonzeroentries
in eachrow correspondingto the four verticesreferencedby each
applicationof Eq.(1).

Mappinga featurevector f of somemeshP back to its global
representationx involvessolvingEq.(2) for x, or invertingG. But,
becauseour featurevectorsare invariant to global translationsof
the mesh,onevertex positionmustbe held constantto make the
solutionunique.Thisresultsin thefollowing leastsquaresproblem:

x = argmin
x

kG̃x � (f + c)k: (3)

Themodi�ed operatorG̃ is void of thethreecolumnsthatmultiply
the �x ed vertex, and the constantvector c containsthe result of
this multiplication. In fact, the least-squaresinversionin Eq. (3)
maybeappliedwhenconstraininganarbitrarynumberof vertices.
Additional vertex constraintsonly affect G̃ andc. In whatfollows,
however, we drop the distinctionbetweenG̃ andG for notational
simplicity.
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This inversionprovides a generalmethodfor editing unstruc-
turedtrianglemeshesby constrainingasubsetof verticesto desired
locationsandinvertingafeaturevectorto computetheeditedshape.
For example,we canretrieve the referencemeshwith an identity
featuref id of m unrolledandconcatenated3� 3 identity matrices.
More generally, Yu andcolleagues[2004]describeanalgorithmto
setthefeaturesby propagatingthetransformationof ahandlecurve
acrossthe mesh. Similarly, Sumnerand Popović [2004] enable
deformationtransferbetweensourceandtarget meshesby recon-
structingthetargetwith featurevectorsextractedfrom thesource.

Alternatives We choosedeformationgradientsover alternatives
becausethey area linear functionof themeshverticesandleadto
a naturaldecompositioninto rotationsandscale/shearswhich fa-
cilitatesour nonlinearinterpolation.Pyramidcoordinates[Sheffer
and Kraevoy 2004] provide a promisingrepresentationand edit-
ing framework, but therequirednonlinearreconstructionstepis too
slow for ourinteractiveapplication.Laplaciancoordinates[Lipman
et al. 2004]area valid alternative sincethey arelinear in themesh
verticesandef�ciently inverted.However, aninterpolationscheme
for Laplaciancoordinatesthat generatesnatural-lookingresultsis
needed.The encodingschemeusedby the Poissonmeshediting
technique[Yu etal. 2004]is analternativeto oursthatmayperform
well for our problemsinceit wassuccessfullyusedfor meshinter-
polation[Xu et al. 2005].Theseissuesindicatethatthedesignof a
morecompactandef�cient featurespaceis anareaof futurework.

3.2 Linear Feature Space

A featurespacede�nes the spaceof desirabledeformations.The
simplestfeaturespaceis the linear spanof the featuresextracted
from theexamplemeshes.A memberfw of thisspaceis parameter-
izedby thecoef�cients in thevectorw:

fw = Mw;

whereM is a matrix whosecolumnsarethefeaturevectorsdi cor-
respondingto theexamplemeshes(1 � i � l ).

In practice,our algorithm computesthe meand̄ and usesthe
meancenteredfeaturevectorsf d̄ig:

Mw = d̄ +
l � 1

å
i= 1

wi d̄i :

Note that the lineardependenceintroducedby meancenteringim-
pliesusingl � 1 examplefeaturesandweightsinsteadof thel fea-
turesandweightsusedin thenon-centeredlinearcombination.

Given only a few speci�ed vertex positions, linear MESHIK
computestheposex� whosefeaturesaremostsimilar to theclosest
pointMw � in thelinearfeaturespace:

x� ;w� = argmin
x;w

kGx � (Mw + c) k: (4)

RecallthatG andc arebuilt suchthattheminimizationwill satisfy
the positionalconstraintson the speci�ed vertices. This equation
replacesthe featurevectorin Eq. (3) with a linearcombinationof
examplefeaturesMw. Becausethelinearspaceextrapolatespoorly,
this metriccanbefurtheraugmentedto penalizesolutionsthatare
far from theexamplemeshes:

argmin
w;x

kGx � (Mw + c)k+ kkwk: (5)

Thesecondtermkkwk favorsexamplescloseto themeand̄ by pe-
nalizinglargeweights.

Thevalueof k, whichweightsthepenaltyterm,canbechosenin
a principledfashionby consideringthe Bayesianinterpretationof
our linearmodel:It maximizesthelikelihoodof theparametervec-
tor w with respectto theexampleposes.Accordingly, our method

Figure3: Our nonlinearfeaturespaceis usedto performa three-
wayblendbetweenthegreenmeshes,producingtheblueones.

canbe improved by compressingthe matrix M usingits principal
componentsandselectingan appropriatevalue for the weighting
parameterk asa functionof thevariancelost duringPCA [Tipping
andBishop1999].

An alternative to this linear Gaussianmodel is a nonlinear
Gaussian-process–latent-variablemodel [Grochow et al. 2004] in
which eachcomponentof the featurevector is an independent
Gaussianprocess.This implies that oneshouldcarefully param-
eterizethe featurespaceto matchthis independenceassumption.
For skeletons,exponentialmapsor Euler anglesaccomplishthis
task but introducea nonlinearmappingbetweenthe independent
parametersandtheuser-speci�edhandles.Applying asimilarstrat-
egy on mesheswill alsoproducenonlinearconstraintsandmake it
dif�cult to solve for thousandsof verticesinteractively.

3.3 Nonlinear Feature Space

Since the MESHIK featurevectorsare linear transformationsof
posegeometryvectors,linearblendingof featurevectorsamounts
to nä�ve linear blendingof poses,which is well known to result
in unnaturaleffects if the blendedposeshave undergonerotation.
In our setting,this meansthat linear blendingwill suf�ce only if
theexamplesetis denseenoughthatlargerotationsarenotpresent.
However, densesamplingis notthetypicalcaseandgeneralizations
of the examplesbeyond small deformationsarenot possible. To
avoid artifactsdueto largerotations,whicharetypical in mostnon-
trivial settings,we requirea “span” of theexamplefeatureswhich
combinesrotationsin amorenaturalway. Ourapproachis basedon
polardecomposition[ShoemakeandDuff 1992]andthematrixex-
ponentialmap. Figure3 demonstratesour nonlinearfeaturespace
usedto interpolatebetweenthreedifferentmeshes.By settingthe
weightsdirectly, ratherthansolvingfor themwithin theIK frame-
work, thenonlinearfeaturespacecancreatemulti-wayblends.

First, we decomposethe deformationgradientT i j for the j-th
triangle(1 � j � m) in the i-th pose(1 � i � l ) into rotationaland
scale/shearcomponentsusingpolarfactorization:

T i j = Ri jSi j :

We thenusethe exponentialmapto combinethe individual rota-
tionsof thedifferentposes.Thescaleandshearpart canbecom-
binedlinearlywithout furthertreatment.

Weimplementtheexponentialmapusingthematrixexponential
andlogarithmfunctions[Murray etal.1994].Theseprovideamap-
ping betweenthegroupof 3D rotationsSO(3) andtheLie algebra
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so(3) of skew symmetric3 � 3 matrices.A practicalapproachto
interpolatingrotationsis to mapthemto so(3) usingthematrix log-
arithm,interpolatelinearly in so(3), andmapbackto SO(3) using
thematrixexponential[Murray etal.1994;Alexa2002].Thisleads
to the following expressionfor thenonlinearspanof thedeforma-
tion gradientof the j-th triangle:

T j (w) = exp

 
l

å
i= 1

wi log
�
Ri j

�
!

�
l

å
i= 1

wiSi j : (6)

Thematrix exponentialandlogarithmareevaluatedef�ciently us-
ing Rodrigues' formula [Murray et al. 1994].1 We also experi-
mentedwith exponentialandlogarithmfunctionsfor generalmatri-
ces[Alexa 2002] which do not requirefactorizationinto rotations
andscales.However, thesingularitiesof this approachpreventeda
stablesolutionof ourminimizationproblem.

We choseto usethe matrix exponentialandlogarithm because
wecaneasilytakederivativesof theresultingnonlinearmodelwith
respectto w. For later usein Section4.1, we notethat the partial
derivativesof T j (w) aregivenby

DwkT j (w) = exp

 
l

å
i= 1

wi log
�
Ri j

�
!

log
�
Rk j

� l

å
i= 1

wiSi j

+ exp

 
l

å
i= 1

wi log
�
Ri j

�
!

Sk j : (7)

4 Numerics

In thissectionweshow how to solvethefollowing nonlinearanalog
of thelinearinversionin Eq.(4):

x� ;w� = argmin
x;w

kGx � (M(w) + c) k; (8)

whereM is now afunctionthatcombinesthefeaturevectorsnonlin-
early accordingto Eq. (6). This is a nonlinearleast-squaresprob-
lem which can be solved using the iterative Gauss-Newton algo-
rithm [Madsenetal. 2004].At eachiteration,a linearleast-squares
systemis solved which involvessolving the normalequationsby
Cholesky decompositionandback-substitution.We now elaborate
on thekey stagesof thisprocedure.

4.1 Gauss-Newton Algorithm

In MESHIK, theGauss-Newton algorithmlinearizesthenonlinear
functionof thefeatureweightswhichde�nesthefeaturespace:

M(w+ ddd) = M(w) + DwM(w)ddd:

Then,eachGauss-Newton iterationsolvesa linearizedproblemto
improve xk andwk—the estimatesof the vertex positionsandthe
weightvectorat thek-th iteration:

dddk;xk+ 1 = argmin
ddd;x

kGx � DwM(wk)ddd � (M(wk) + c) k (9)

wk+ 1 = wk + dddk:

The processrepeatsuntil convergence,which we detectby moni-
toring thechangein theobjective function fk = f (wk), thegradient

1Notethatthematrix logarithmis amulti-valuedfunction:eachrotation
in SO(3) hasin�nitely many representationsin so(3). In somecases,inter-
polationmayrequireequivalentrotationsin a differentrangewhich canbe
computedby addingmultiplesof 2p. However, our implementationof the
matrix logarithmalwaysreturnsrotationanglesbetween� p andp.

of the objective function, andthe magnitudeof the updatevector
dddk [Gill et al. 1989]:

k fk � fk� 1k¥ < e(1+ fk)

kDw f (w)k¥ < 3
p

e(1+ fk)

kdddkk¥ < 2
p

e(1+ kwkk¥ ):

In ourexperiments,theiterationconvergesafteraboutsix iterations
with e = 1:0� 10� 6.

Solving the linear least-squaresproblemin Eq. (9) leadsto a
systemof normalequations:

A> A
�

x
ddd

�
= A> (M(wk) + c) ; (10)

whereA is asparsematrixof size9m� (3n+ l) of theform

A =

"
G � J1

G � J2
G � J3

#

:

RecallthatG is alsoa very sparsematrix, having only four entries
perrow. As wewill seein Section4.2,thispermitsef�cient numer-
ical solutionof thesystemdespiteits size. ThethreeblocksJi are
theblocksof theJacobianmatrixDwM(w) partitionedaccordingto
thethreevertex coordinates.

4.2 Cholesky Factorization

Without a specialpurposesolver, thenormalequationsin Eq. (10)
in eachGauss-Newtoniterationcantakeaminuteor longertosolve.
This is muchtoo slow for an interactive system,which, in our ex-
perience,requiresat leasttwo solutionsfor everysecondof interac-
tion. Thekey to acceleratingthesolver is to reusecomputationsbe-
tweeniterations.A directsolutionwith a generalpurposemethod
(e.g.,Cholesky or QR factorization[Golub andLoan 1996]) will
notbeableto reusethefactorizationfrom thepreviousiterationbe-
causeA continuallychanges.And, despitethevery sparsematrix
A> A, conjugategradientconvergestoo slowly evenwith a variety
of preconditioners.

Oursolutionusesadirectmethodwith specializedCholesky fac-
torization.Weexploit theblockstructureof thesystemmatrix:

A> A =

2

6
6
4

G> G � G> J1
G> G � G> J2

G> G � G> J3
� J>

1 G � J>
2 G � J>

3 G å 3
i= 1J>

i Ji

3

7
7
5 : (11)

The threeG> G blocks, eachsparsen � n matrices,are constant
throughoutthe iterations. If theseblocksarepre-factored,the re-
maining portion of the Cholesky factorizationmay be computed
ef�ciently .

First, symbolicCholesky factorizationU> U = A> A revealsthe
blockstructureof theupper-triangularCholesky factor:

U =

2

6
4

R � R1
R � R2

R � R3
Rs

3

7
5

where
R> R= G> G:

We precomputeR by sparseCholesky factorization[Toledo2003]
after re-orderingthe columnsto reducethe numberof additional
non-zeroentries[KarypisandKumar1999].
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Theonly equationsthatremainto besolvedin every iteration(to
computetheremainingblocksof U) are:

R> Ri = G> Ji ; 1 � i � 3 (12)

R>
s Rs =

3

å
i= 1

J>
i Ji � R>

i Ri : (13)

In Eq.(12),backsubstitutionwith theprecomputedRcomputesthe
blocksR1;R2;R3 by solvingthreelinearsystems.Theseblocksare
in turn usedon theright-handsideof Eq. (13) to computethel � l
matrixwhosedenseCholesky factorizationyieldsthelastblockRs.
For a largenumberof examples,this factorizationstepwill eventu-
ally becomethebottleneck.In ourexperiments,however, with l=20
or fewer examples,the solutionof Eq. (12) for threedensen � l
blocksandtheirusein thecomputationof R>

i Ri dominatesthecost.

5 Experimental Results

We have implementedMESHIK both asan interactive meshma-
nipulationsystemaswell asin anof�ine applicationthatuseskey-
framedconstraintsto solve for meshposesover time. In our in-
teractive system,theusercanselectgroupsof verticesthatbecome
“handles”whichcanbeinteractively positioned.As thehandlesare
movedtherestof themeshis automaticallydeformed.

Figure5 demonstratesthepower of MESHIK. Givena cylindri-
calbarin two poses(5 A), onestraight,andonesmoothlybent,the
userconstrainstheleft capto stayin placeandmanipulatesonever-
tex on theright cap.Usingthenonlinearfeaturespace,our system
is ableto generalizeto any otherbendof thebar in thesameplane
(5 B). In contrast,thelinearfeaturespace(5 C) interpolatesthetwo
examplespoorly (thetip of thebarcollapsesin betweentheexam-
ples)andextrapolateseven morepoorly. If the endof the bar is
draggedperpendicularto theexamplebend(5 D), it deformsdiffer-
ently sinceno examplehasdemonstratedhow to deformin this di-
rection.Givenanadditionalexample,thebarcanbendin thatplane
(5E)aswell asthespacein between(5F). In Figure1,weshow that
by supplyinga differentexample,thebarbendsdifferently. Thus,
MESHIK doesnot prescribeone type of deformationbut instead
derivestheappropriateclassof deformationsfrom theexamples.

In Figure6 wedemonstratehow MESHIK canbeusedto posea
character. Tenexampleposes,shown in greenin thetop row, were
usedfor this demonstration.Two handleverticesare selectedas
constraintson the front andbackfoot of the referencepose(6 A).
By draggingthe front foot forward, the lion bendsits front legsat
the hip andstretchesits body forward. The positionof the lion's
paw canbepreciselycontrolledby theuser. In (6 B) thepaw has
beenpulled fartherforward thanits positionin any example. The
bodyof thelion deformsrealisticallyto meettheconstraintssothat
thereis no discernibledistortion. In order to poseonly the front
right leg andkeepthe restof the body �x ed (6 C), we selectthe
unwantedregion (shown in red) andremove it from the objective
function by building a featurespacethat ignoresthe deformation
gradientsof the selectedtriangles. This region remains�x ed in
place,but doesnotcontributeto theerrorastheoptimalweightsare
computed.This allows the userto posethe front leg independent
of the restof the body. After performingthe sameoperationfor
thetail (6 D), theuserhasachieveda novel posedifferentfrom all
thoseshown in theexampleset.

Figure 7 demonstrateshow MESHIK can posea meshwhose
deformationshave no obviousskeletalrepresentation:a �ag blow-
ing in the wind. The input for this demonstrationis fourteen�ag
examplesfrom a dynamicsimulation,shown in thetop row. Start-
ing with anundeformed�ag (7 A), theuserarbitrarilypositionsthe
four cornersof the�ag (7 B–D).Theinteriordeformsin acloth-like
fashion.By key-framing thepositionof theconstraintsover time,
wecanevencreateananimationof awalking �ag (7 E–F).

Mesh Verts Tris Ex Factor Solve Total
Bar 132 260 2 0.000 0.000 0.015
Flag 516 932 14 0.016 0.015 0.020
Lion 5,000 9,996 10 0.475 0.150 0.210
Horse 8,425 16,846 4 0.610 0.105 0.160
Elephant 42,321 84,638 4 13.249 0.620 0.906

Table1: Numberof vertices,triangles,andexamplemeshesaswell
astiming datafor thedemonstratedresults.
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Figure4: Solve time asa functionof the numberof examplesfor
thehorseandelephantmeshes.

Figure8 shows our systemusedto producea galloping anima-
tion. Four exampleposesof a horsewereusedasinput, andone
vertex on eachfoot of the horsewaskey-framedto follow a gal-
lop gait. Thepositionsof theremainingverticesof thehorsewere
chosenby our systemfor eachframe,resultingin a gallopingani-
mation.If wereplacethefour horseposeswith thoseof anelephant
andusethesamekey-framedfoot positions,we computea gallop-
ing elephant.

Whengeneratinganimationswith ourof�ine application,tempo-
ral coherenceis important.Sinceourdeformationsystemis nonlin-
ear, asmallchangein theconstraintsmayresultin alargechangein
theresultingdeformation.In orderto achieve temporalcoherence,
we addtheadditionalterm pjjw � w0jj to theobjective functionin
Eq. (8). This encouragesthenew blendingweightsw to besimilar
to the onesfrom the previous frameof animationw0. We useda
valueof 100for thefactorp in all animations.

TheconferenceDVD-ROM containslive recordingsof interac-
tive editing sessionswith the bar examplefrom Figure5 and the
lion from Figure6, aswell asthe�ag animationfrom Figure7 and
thehorseandelephantanimationsfrom Figure8.

Table1 givesstatisticsaboutthe meshesusedin our resultsin-
cludingthenumberof vertices,thenumberof triangles,thenumber
of examples,andthe runningtimes. The timing wasmeasuredon
a 3.4 GHz Pentium4 PC with 2GB of RAM. The “f actor” col-
umn indicatesthe time requiredto computethe Cholesky factor-
izationof G> G. This computationis a preprocessasthefactoriza-
tion doesnotchangefor aparticularchoiceof handlevertices.The
“solve” columnindicatesthetimerequiredto performoneiteration
of theGauss-Newton algorithmdescribedin Section4. After each
iteration, the user-interface is updatedand new positionsfor the
constrainedhandleverticesarequeriedby the solver. This allows
oursystemto remaininteractive duringthenonlinearoptimization.
The “total” columnincludesthe solve time plus additionalunop-
timizedbookkeepingthat is performedduringeachiteration. Fig-
ure4 graphsthesolvetimeasafunctionof thenumberof examples
for thehorseandelephantmeshes.

6
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B C D E FA

Figure5: Using MESHIK to posea bar: (A) Two exampleposessuperimposedon top of eachother. (B) The left capof theunbentbar is
constrainedto stayin placewhile a singlevertex on theright sideis manipulated.Threeeditsusingour nonlinearfeaturespaceareshown.
NotethatMESHIK generalizesbeyondthetwo examplesandcancreatearbitrarybendsin theplane.(C) In contrast,thelinearfeaturespace
interpolatesandgeneralizespoorly. (D) In this top down view, moving theconstrainedvertex perpendicularto thebendcausesa shearsince
no exampleswereprovided in this direction. (E)–(F) Providing oneadditionalexamplein the perpendiculardirectionallows MESHIK to
generalizeto bendsin thatdirectionaswell asin thespacein between.

A B C D

Figure6: Top row: Ten lion exampleposes.Bottomrow: A sequenceof posingoperations.(A) Two handleverticesarechosen.(B) The
front leg is pulled forwardandthe lion continuouslydeformsastheconstraintis moved. (C) The red region is selectedandfrozenso that
thefront leg canbeeditedin isolation.(D) A similar operationis performedto adjustthetail. The�nal poseis differentfrom any individual
example.

A B C D E F

Figure 7: Posingsimulated�ag. Top row: Fourteenexamplesof a �ag blowing in the wind createdwith a cloth simulation. (A) An
undeformed�ag is usedasthe referencepose. (B)–(D) By positioningonly the cornersof the �ag, we createrealisticcloth deformations
without requiringany dynamicsimulation.(E)–(F)Two framesfrom ananimationin which theconstraintson thecornerswerekey-framed
to produceawalkingmotion.

... ... ......

Figure8: Gallopinghorseandelephantanimationswerecreatedusingonly four examplesof eachalongwith thesamekey-framedmotionof
onevertex oneachfoot.
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6 Conclusion

Intuitive manipulationof meshesis a fundamentaltechniquein
modelingandanimation:modelersuseit to edit shapesandanima-
tors useit to posethem. MESHIK is an easy-to-usemanipulation
tool thatadaptsto eachtaskby learningfrom examplemeshes.It
providesa directinterfacefor specifyingtheshapeby allowing the
userto selectandadjustany subsetof vertices.It relievestheuser
from having to adjustevery vertex by extrapolatingfrom examples
to positiontheremainingverticesautomatically.

Current limitations of our methoddirect us to areasof future
work. The time requiredto solve the nonlinearoptimizationlim-
its interactive manipulationto mesheswith around10,000vertices
and10 examples. Differentmeshrepresentations,suchassubdi-
vision surfacesor multiresolutionhierarchies,may allow a more
ef�cient formulationof MESHIK for complex objects.Experimen-
tationwith otherfeaturevectorsandnumericalmethodsfor their in-
versionmayalsoyield improvement.Differentfeaturevectorsmay
capturetheessentialshapepropertiesmorecompactlyor yieldadif-
ferentinversionprocesswith amoreef�cient numericalsolution.

MESHIK describesa featurespacewith a nonlinearblendof all
exampleshapes.This choiceis effective for a smallnumberof ex-
amples,but describingcomplex meshcon�gurationsmay require
usingmany exampleshapes.Althoughthisdecreasestheinteractiv-
ity of our presentsystem,new representationsof the featurespace
couldbedesignedwhenexamplesareplentiful. Thelinear feature
spacewedescribeis apossiblestartingpoint for suchexamination.

Perhapsthe mostexciting extensionof our systemwould cap-
turedynamiceffectssuchasinertiaandfollow-through. Our only
experimentin this arenawasthesimpleextensionof theobjective
functionto encouragesmallweightchangesbetweensuccessivean-
imation frames. A comprehensive treatmentwould introducedy-
namicfeaturesanda mechanismfor matchingboth staticanddy-
namic featurevectors. Sucha systemmight ultimately provide a
practicalcompromisebetweentheautomationofferedby physical
simulationsandthecontrolprovidedby key-framingtechniques.
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AND SEIDEL , H.-P. 2004. Laplaciansurfaceediting. In Proceedings
of theEurographics/ACM SIGGRAPHsymposiumonGeometryprocess-
ing, 179–188.
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