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Abstract

Theability to positionasmallsubsebf meshverticesandproducea

meaningfubverall deformatiorof theentiremeshis afundamental
taskin mesheditingandanimation.However, theclassof meaning-
ful deformationsvariesfrom meshto meshanddependon mesh
kinematics which prescribesvalid meshcon gurations,anda se-
lection mechanisnfor choosingamongthem. Drawing an anal-
ogy to the traditionaluseof skeleton-basedéhversekinematicsfor

posingskeletons,we de ne mesh-basethverse kinematicsasthe

problemof nding meaningfuimeshdeformationghatmeetspeci-
ed vertex constraints.

Our solutionrelies on example meshego indicatethe classof
meaningfuldeformations Eachexampleis representedvith a fea-
turevectorof deformatiorgradientghatcapturetheaf ne transfor
mationswhich individual trianglesundego relative to a reference
pose.To posea mesh,our algorithmef ciently searcheamongall
meshewith speci edvertex positionsto nd theonethatis closest
to someposein a nonlinearspanof the examplefeaturevectors.
Sincethe searchis not restrictedto the spanof example shapes,
this producescompellingdeformationseven whenthe constraints
require posesthat are differentfrom thoseobsered in the exam-
ples.Furthermorebecaus¢he spanis formedby anonlinearblend
of theexamplefeaturevectors the blendingcomponenbf our sys-
temmay alsobe usedindependentlyo posemeshedy specifying
blendingweightsor to computemulti-way morphsequences.
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1 Intro duction

The shapeof a polygonmeshdependn the positionsof its mary
vertices. Although suchshapesanbe manipulatedoy displacing
every vertex manually this processs avoidedbecausét is tedious
anderrorprone. Existing meshediting tools allow the modelerto
sculpta meshs shapeby editing only a few verticesandusegen-
eralnumericakriteriasuchasdetailpreserationto positionthere-
mainingones.In animation,the classof meaningfuldeformations
cannotbe capturedby simple numericalcriteria becauset varies
from meshto mesh. The meshkinematics—hw the verticesare
allowed to move—aswell asa mechanisnfor choosingone out
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Figure 1: A simple demonstratiorof MESHIK. Top row: Two
examplesaregiven, shavn in greenin the left column. By xing
one cap in place and manipulatingthe other end, the bar bends
like the examples. Bottom row: If a differentexample bendis
provided, MESHIK generateshe new type of bendwhenthemesh
is manipulated.

of mary kinematicallyvalid meshesnustbe consideredvhenpos-
ing ameshin ameaningfulway. Skeleton-basedrticulationis of-

tenusedin animationto approximatemeshkinematicscompactly
However, skeletonscannoteasily provide the rich classof defor

mationsafforded by sculptingtechniquesand only allow indirect
interactionwith the meshvia the joint anglesof the skeleton. Our
methodallows the userto directly positionary subsebf meshver

ticesandproducesa meaningfuldeformationautomatically Com-
plex posechangesanbeaccomplishedhtuitively by manipulating
only afew vertices.In analogyto traditionalskeleton-basethverse
kinematicgfor posingskeletonswe call this generaproblemmesh-
basednversekinematicsandour examplesolutionMESHIK.

Our MEsHIK algorithmlearnsthe spaceof meaningfulshapes
from examplemeshes.Using the learnedspace,it generatesiev
shapeshat respectthe deformationsexhibited by the examples,
yet still satisfyvertex constraintamposedby the user Although
the userretainscompletefreedomto preciselyspecifythe position
of ary vertex, for mosttasks,only a few verticesneedto be ma-
nipulated. MesHIK usesunstructuredneshes—triangleneshes
with no assumptioraboutconnectity or structure—thatan be
scannedhand-sculpteddesignedwith free-form modelingtools,
or computedwith arbitrarily complex proceduralor simulation
methods. As a result, MESHIK provides a tool that simpli es
posingtaskseven when traditional animationor editing methods
do not apply. The animatorcan posethe objectby moving only
afew of its verticesor bring it to life by key-framing thesevertex
positions. Furthermore the user always retainsthe freedomto
choosethe class of meaningful deformationsfor ary mesh, as
demonstratetly Figurel.

MESHIK representeachexamplewith afeature vectorthatde-
scribeshow theexamplehasdeformedrelative to areferencenesh.
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The feature space de ned as a nonlinearspanof the example
featurevectors,describeghe spaceof appropriatedeformations.
Whenthe userdisplacesa few meshvertices,MESHIK positions
the remainingverticesto producea meshwhosefeaturevectoris
ascloseaspossibleto the featurespace.This ensureghatthere-
constructedneshmeetsthe users constraintexactly while it best
reproduceshe exampledeformations.

Our primarycontrikutionis aformulationof mesh-basethverse
kinematicsthat allows meaningfulmeshdeformationsand pose
changedo be achieved in an intuitive mannerwith only a small
amountof work by the user We presentan ef cient methodof
nonlinear multi-way interpolationof unstructuredneshesisinga
deformation-gradienteaturespace. We demonstratexn ef cient
optimizationtechniqueto searchfor mesheshat meetusercon-
straintsand are closeto the featurespace. Our methodallows
interactve manipulationof moderatelysizedmesheswith around
10;000verticesand10 examples.

2 Related Work

Mesh editing allows the userto move a few verticesarbitrarily
and employs some numerical objectve such as detail presera-
tion or smoothnesso placethe remainingones. Subdvision and
multi-resolutiontechniqueschiese detail-preservingditsat vary-
ing scaleswith representationthat encodemeshdetailsasvertex
offsetsfrom topologically[Zorin et al. 1997; Kobbeltet al. 2000]
or geometricallyfK obbeltet al. 1998; Guslov etal. 1999]simpler
basemeshes.

Other editing methodsuse intrinsic representationsuch as
Laplacian(also called differential) coordinateg§Alexa 2003; Lip-
manetal. 2004;Sorkineetal. 2004] or pyramid coordinategShef-
fer andKraevoy 2004]. Sinceeachvertex positionis encodedby
its relationshipto its neighbors,local edits madeto the intrinsic
representatiopropagte to the surroundingverticesduring mesh
reconstructionThe editing techniqueof Yu andcolleague$2004]
solves a Poissonequationdiscretizedover the mesh. We usethe
deformation-gradientepresentatiofiSumnerand Popwi¢ 2004],
which describesaf ne transformationshatindividual trianglesun-
demgo relative to a referencepose,and discussthis choicein Sec-
tion 3.1. All of theseintrinsic methodshave high-level similarities
but differ in the details.For example,we alsosolve a Poissorequa-
tion sincethe normal-equationgatrix in our formulationamounts
to aform of a Laplacian,andthefeaturevectorto aguidanceeld.

The differencesbetweeninverse kinematics and editing are
bestillustratedthroughthe typical useof bothtechniquesEditing
sculpts meshesto createnew objects, while inverse kinematics
manipulatessuchobjectsto enliven them. The main implication
of this differenceis that editing concentratesn an objects shape
(how it looks)while inversekinematicsconcentratesn anobject's
deformation (how it moves). In the absenceof a convenient
numerical objective (e.g., detail preseration, smoothness}hat
describeshow an arbitrary object moves, inverse kinematicson
meshesmust learn the spaceof desirablemesh con gurations.
Sucha generalapproachis not necessaryn specialcases(e.g.,
when a skeleton expresseghe spaceof desiredcon gurations),
but for cloth, hair, and other soft objects, the generalapproach
of MEsHIK, which infers a meaningfulspacefrom a seriesof
userprovidedexamplesjs required.

Work hasbeendonein theanimationcommunityonthecompact
representatiomf sets,or animationsequencesf meshes.Alexa
andMduller [2000] compressanimationsequencesising principal
componentanalysis(PCA). This approximateshe setby a linear
subspaceof meshspace. Similarly, Hauser Shen,and O'Brien
[2003]usemodalanalysisof linearelasticequationgo infer astruc-
ture commonto all linear elasticmaterials. Modal analysisuses
eigen-analysi®f massandstiffnessmatricesto extracta small set
of basisvectorsfor the high-enegy vibration modegPentlandand

Figure 2: We compareour nonlinearfeature-spacénterpolation
schemawith ourimplementatiorof theas-rigid-as-possiblmethod
for two 2D interpolationsequencesThe resultof our boundary-
basedmethodis displayedas the red line segmentwhile the as-
rigid-as-possibldanterpolationis shavn as the black triangulated
region. The body of the snale andthe trunk of the elephantde-
formin asimilar, locally rigid fashionfor both methodsHowever,

our methodis numericallymuchsimpleraswe only considerthe
boundaryratherthanthe compatibledissectiorof theinterior.

Williams 1989]. However, while botharewell-understoo@ndsim-
pletoimplementtheirinherentlylinearstructuremakestheminap-
propriatefor describingnonlineardeformations.For example,lin-
earinterpolationof rotationswill shortenthe mesh. Furthermore,
PCA works well for compressiorof existing mesheshput is less
appropriatefor guiding the searchoutsidethe subspacelescribed
by the principle components.Hybrid approacheswvoid the prob-
lems associatedvith linear interpolationin the specialcasethat
the nonlinearitiescan be expressedn termsof skeletal deforma-
tion [Lewis et al. 2000; Sloanet al. 2001]. MESHIK generalizes
theseapproachewith a nonlinearcombinationof exampleshapes.

This nonlinearblend can be thoughtof asan n-way boundary-
basedversion of as-rigid-as-possiblshapeinterpolation [Alexa
etal. 2000]. Ratherthanperforminga two-way interpolationbased
onthecompatibledissectiorof theinterior of two shapesM ESHIK
interpolateghe boundaryof n shapesThe practicalimplication of
thisreformulationis signi cant. MEsHIK interpolationis fasterbe-
causdt solvesfor fewer verticesandeasierto apply becauseom-
patible dissectionof n shapeinteriorsis dif cult without adding
an extremely large numberof Steinervertices. An experimental
comparisorof the two methodsis shavn in Figure2 anddemon-
stratesthat, for 2D polygonalshapesMESHIK interpolationbe-
havesreasonablydespiteignoring the interior. The remainingre-
sultsin the paperand our experiencewith MesHIK indicatethat
the sameholds for 3D meshes. Concurrentwith our work, Xu
and colleaguesave developeda boundary-basecdheshinterpola-
tion schemesimilar to our nonlinearfeaturespacemethod[2005].
However, while Xu andcolleaguedocuson interpolationwith pre-
scribedblendingweights,our primary contrikutionis aformulation
of mesh-baseuhversekinematicghathidestheseweightsfrom the
userbehindanintuitive interactionmetaphar

Techniqueslosesto our approactarethosethatlearnskeleton
or meshcon gurationsfrom examples.The rst suchsystemearns
the spaceof desirableskeletoncon gurationsby linearly blending
examplemotions[Roseet al. 2001]. FacelK [Zhanget al. 2004]
usesa similar approachon meshedo generatenew facial expres-
sionsby linearly blendingthe acquiredface scans. Theselinear
approachesxhibit the samedif culties asthosediscussedborve.
Furthermoregvery meshor skeletonis con ned to the linear span
of the basisshapesMEsHIK blendsnonlinearlyand doesnot re-
strictameshto bein thenonlinearspanof exampleshapesinstead,
it favorsmesheghatarecloseto, but notnecessarilyn, this nonlin-
earspace Thesedesignchoicesatthe costof slower performance,
allow MEsHIK to generateompellingmeshegvenwhenthey dif-
fer signi cantly from the example shapes.When linear blending
sufces, the sameprinciple canbe usedto improve its generaliza-
tion outsidethe spaceexplored by examples. Style-basednverse
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kinematic§Grochaw etal. 2004]describesnalternatve nonlinear
approachwhich learnsa probabilisticmodel of desirableskeleton
con gurations. However, bridging the gap between60 degreesof
freedomin a typical skeletonand 30,000degreesof freedomin a
moderataneshis themainobstacldo applyingthis promisingtech-
nigueto meshes.

Ngo andcolleague$2000] introducecon gurationmodelingas
afundamentaproblemin computemgraphicsandpresentsolution
for describingthe con guration spaceof two-dimensionaldraw-
ings. Jamesand Fatahalian[2003] usea similar approacho pre-
computenumericalsimulationsfor the mostcommonsetof control
inputs. MESHIK ts in naturallywith thesecon guration models
by enhancinghereparameterizatiomap[Ngo etal. 2000], which
prescribeshow to extrapolateand generalizefrom suchexample
dravingsandprecomputedtates.

3 Principles of MeshIK

MEsHIK usesthe examplemeshesprovided by the userto form
a spaceof meaningfuldeformations.The de nition of this space
is critical asit mustinclude deformationsrepresentatie of those
exhibited by the examplesevenfar from the givendata. Thekey to
designinga good spaceis to extract, from eachexample,a vector
of featureghatencodesmportantshapeproperties We usefeature
vectorsthatencodethe changan shapeexhibited by the examples
onatriangle-by-triangléasis.

The simplestfeaturespaceis just the linear spanof the feature
vectorsof the exampleposes.Although this spaces not whatwe
will ultimatelyuse wedescribét rst becausé is simple,fast,and
may still be valuablein applicationswherelinearity assumptions
aresufcient [Blanz and Vetter 1999; Ngo et al. 2000] or where
artifactscan be avoided by densesampling[Bregler et al. 2002].
Our more powerful nonlinearspanis requiredin the generalcase
whenthe naturalinterpolationof the exampledeformationss not
linear(e.g.,for rotations).

An editedmeshcanbe reconstructedrom a featurevector by
solvingaleastsquareproblemfor thefreeverticeswhile enforcing
constraintdor eachvertex thattheuserhaspositioned Because¢he
featurevectoris anintrinsic representatiownf the meshgeometry
theerrorincurredby xing someverticesasconstraintswill prop-
agate acrossthe mesh,ratherthan being concentratedt the con-
strainedvertices.Ouralgorithmcouplegheconstrainedeconstruc-
tion processwith a searchwithin featurespacesothatit nds the
positionin featurespacehathasthe minimal reconstructiorerror

3.1 Feature Vectors

An obvious and explicit way to representhe geometryof a tri-
angle meshis with the coordinatesof its verticesin the global
frame. However, this representationwhile simple and direct, is
a poor choicefor ary meshediting operationasthe coordinatesn
theglobalframedo not capturethelocal shapepropertiesandrela-
tionshipsbetweernvertices[Sorkineetal. 2004].

For manipulatingmeshesit is more usefulto describea mesh
asa vectorin a differentfeaturespacebasedon propertiesof the
mesh.Thecomponent®f the featurevectorrelatethe geometryof
nearbyverticesand capturethe short-rangecorrelationspresentin
the mesh. MEsSHIK usesdeformationgradientsor, asBarr [1984]
refersto them, local deformations,as the featurevector Defor-
mation gradientsdescribethe transformatioreachtriangle under
goesrelative to a referencepose. They wereusedby Sumnerand
Popwit [2004] to transferdeformationfrom one meshto another
andaresimilar to therepresentationsedby Yu etal. [2004].

Deformation Gradient Given a referencemeshP, and a de-
formed meshP, eachcontainingn verticesand m trianglesin the
sameconnectvity structure we would like to computethe feature

vectorf correspondingo P. A deformatiorgradientof atriangleof
P istheJacobiarof theaf ne mappingof theverticesof thetriangle
from their positionsin P, to their positionsin P. Sincethepositions
of thetriangle'sverticesin By andP donotuniquelyde ne anaf ne
mappingin R3, we addto eachtrianglea fourth vertex, asproposed
by SumnemandPopwit [2004]. This stratgy ensureshattheaf ne
mapscaleghedirectionperpendiculato thetrianglein proportion
to the lengthof the edges.For simplicity, whenwe discussmatrix
dimensionsin termsof the variablen, we meanfor n to include
theseaddedvertices.

Denoteby F j theaf ne mappingof the j-th trianglethatoperates

onapointp 2 R3 asfollows:
Fi(p)=Tjp+tj:

The 3 3 matrix T containsthe rotation, scaling, and skewing
componentsandthevectort; de nesthetranslationrcomponenbf
theaf ne transformation.

Thedeformationgradientis the Jacobiammatrix DpF j(p) = Tj;

whichis computedrom the positionsof thefour verticesf \7|J(g and
fvig, (1 k 4),in Py andP respectiely:

=yl i j j j i
Ti= vy Vg Vv Vg Vg Vg
h ]

v v B y: B Ry v B
Vi Va V2 Vg V3 Vg oo (1)

TransformationT j is linearin theverticesfvlj(g. Thus,assuming
the verticesof the referenceposeare x ed, the linear operatorG
extractsa featurevectorfrom the deformedmeshp:

f= Gx: (2

Thevectorx = (X1} %n; Ya; 15 Yni 21, 5 Zn) 2 R3" stacksthe coordi-
natesof meshverticesfviglL ; of P. The coefcients of G depend
only on the verticesof the referencemeshPy and comefrom the
invertedmatrix in Eq. (1). Thematrix G is built suchthatthe fea-
turevectorf 2 R9™ thatresultsfrom the multiplication Gx will be
the unrolled and concatenateélementsof the deformationgradi-
entsT | for all mtriangles.Hence the expressionGx is equivalent
to evaluatingEg. (1) for eachtriangleandpackaginghe resulting
3 3 matricesfor eachof themtrianglesinto onetall vector

The linear operatorG is a 9m 3n matrix. But, becausdahe
computationis separablén the threespatialcoordinatesG hasa
simpleblock-diagonaktructure:

Eachblock G is a sparse3m n matrix with four nonzeroentries
in eachrow correspondindo the four verticesreferencedy each
applicationof Eq. (1).

Mapping a featurevectorf of somemeshP backto its global
representatior involvessolving Eq. (2) for x, orinvertingG. But,
becauseour featurevectorsare invariantto global translationsof
the mesh,one vertex position mustbe held constantto make the
solutionunique.Thisresultsin thefollowing leastsquaregroblem:

X = argmxinkéx (f+ o)k: 3)

Themodi ed operatorG is void of thethreecolumnsthatmultiply
the x ed vertex, and the constantvector ¢ containsthe result of
this multiplication. In fact, the least-squaregwersionin Eg. (3)
may be appliedwhenconstraininganarbitrarynumberof vertices.
Additional vertex constraintonly affect G gndc. In whatfollows,
however, we drop the distinctionbetweenG andG for notational
simplicity.
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This inversion provides a generalmethodfor editing unstruc-
turedtrianglemeshedby constrainingasubsebdf verticesto desired
locationsandinvertinga featurevectorto computetheeditedshape.
For example,we canretrieve the referencemeshwith an identity
featurefiy of munrolledandconcatenate8 3 identity matrices.
More generally Yu andcolleague$2004] describeanalgorithmto
setthefeaturesy propagtingthetransformatiorof ahandlecurve
acrossthe mesh. Similarly, Sumnerand Popwit [2004] enable
deformationtransferbetweensourceandtarget meshedy recon-
structingthetargetwith featurevectorsextractedfrom the source.

Alternatives  We choosedeformationgradientsover alternatves
becausehey area linearfunction of the meshverticesandleadto
a naturaldecompositiorinto rotationsand scale/shearwhich fa-
cilitatesour nonlinearinterpolation. PyramidcoordinategShefer
and Kraevoy 2004] provide a promisingrepresentatiorand edit-
ing framawork, but therequirednonlinearreconstructiorstepis too
slow for ourinteractize application.Laplaciancoordinate$Lipman
etal. 2004]areavalid alternatve sincethey arelinearin themesh
verticesandef ciently inverted.However, aninterpolationscheme
for Laplaciancoordinateshat generatesatural-lookingresultsis
needed. The encodingschemeusedby the Poissonmeshediting
technigqudYu etal. 2004]is analternate to oursthatmayperform
well for our problemsinceit wassuccessfullyusedfor meshinter
polation[Xu etal. 2005]. Theseissuesndicatethatthe designof a
morecompactandef cient featurespacds anareaof futurework.

3.2 Linear Feature Space

A featurespacede nes the spaceof desirabledeformations.The
simplestfeaturespaceis the linear spanof the featuresextracted
from theexamplemeshesA membeff,, of this spacas parameter
izedby the coefcients in thevectorw:

fw = Mw;

whereM is a matrix whosecolumnsarethe featurevectorsd; cor
respondingo theexamplemeshegl i ). _

In practice,our algorithm computesthe meand and usesthe
meancenteredeaturevectorsf dig:

1
Mw = d+ § wid;:

i=1
Note thatthelineardependencatroducedby meancenteringim-
pliesusingl 1 examplefeaturesandweightsinsteadof thel fea-
turesandweightsusedin the non-centeredinearcombination.

Given only a few speci ed vertex positions, linear MESHIK

computegheposex whosefeaturesaremostsimilarto theclosest
pointMw in thelinearfeaturespace:

X ;W = arglp\i,kax (Mw + ¢) k: (4)

RecallthatG andc arebuilt suchthatthe minimizationwill satisfy
the positionalconstraintson the speci ed vertices. This equation
replaceghe featurevectorin Eq. (3) with a linear combinationof
examplefeaturesMw . Becausehelinearspacextrapolatepoorly,
this metric canbe furtheraugmentedo penalizesolutionsthatare
far from theexamplemeshes:

algr\’,r}i)kax (Mw + ¢c)k+ kkwk: (5)

The secondermkkwk favors examplescloseto the meand by pe-
nalizinglarge weights.

Thevalueof k, whichweightsthe penaltyterm,canbechoserin
a principledfashionby consideringthe Bayesianinterpretationof
ourlinearmodel: It maximizeshelik elihoodof the parametevec-
tor w with respecto the exampleposes.Accordingly, our method
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Figure 3: Our nonlinearfeaturespaceis usedto performa three-
way blendbetweerthe greenmeshesproducingthe blueones.

canbe improved by compressindhe matrix M usingits principal
componentsand selectingan appropriatevalue for the weighting
parametek asa functionof thevariancelostduring PCA [Tipping
andBishop1999].

An alternatve to this linear Gaussianmodel is a nonlinear
Gaussian-process—latergriable model [Grochow et al. 2004] in
which eachcomponentof the feature vector is an independent
Gaussiarprocess. This implies that one should carefully param-
eterizethe featurespaceto matchthis independencassumption.
For skeletons,exponentialmapsor Euler anglesaccomplishthis
task but introducea nonlinearmappingbetweenthe independent
parameterandtheuserspeci edhandles Applying asimilar strat-
egy on meshewwill alsoproducenonlinearconstraintandmale it
dif cult to solve for thousand®f verticesinteractiely.

3.3 Nonlinear Feature Space

Sincethe MESHIK featurevectorsare linear transformationsof
posegeometryvectors linear blendingof featurevectorsamounts
to nave linear blendingof poses,which is well known to result
in unnaturaleffectsif the blendedposeshave undegonerotation.
In our setting,this meansthat linear blendingwill sufce only if
theexamplesetis denseenoughthatlargerotationsarenotpresent.
However, densesamplings notthetypical caseandgenealizations
of the examplesbeyond small deformationsare not possible. To
avoid artifactsdueto largerotationswhich aretypicalin mostnon-
trivial settingswe requirea “span” of the examplefeatureswvhich
combinegotationsin amorenaturalway. Ourapproachs basedn
polardecompositiorfShoemak andDuff 1992]andthe matrix ex-
ponentialmap. Figure 3 demonstratesur nonlinearfeaturespace
usedto interpolatebetweerthreedifferentmeshes By settingthe
weightsdirectly, ratherthansolving for themwithin the IK frame-
work, the nonlinearfeaturespacecancreatemulti-way blends.
First, we decomposghe deformationgradientT;j for the j-th
triangle(l j m)inthei-thpose(1 i 1) into rotationaland
scale/sheatomponentsisingpolarfactorization:

Tij = RijSj

We thenusethe exponentialmapto combinethe individual rota-
tions of the differentposes.The scaleand shearpart canbe com-
binedlinearly without furthertreatment.

Weimplementthe exponentialmapusingthe matrix exponential
andlogarithmfunctions[Murray etal. 1994]. Theseprovideamap-
ping betweerthe groupof 3D rotationsSO(3) andthe Lie algebra
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sq(3) of skew symmetric3 3 matrices. A practicalapproachto

interpolatingrotationsis to mapthemto sa(3) usingthematrixlog-

arithm, interpolatelinearly in sa(3), andmapbackto SO(3) using

thematrixexponentia[Murray etal. 1994;Alexa2002]. Thisleads

to the following expressiorfor the nonlinearspanof the deforma-
tion gradientof the j-th triangle:

|
I o
Tiw=exp Jwlog R; 3
i=1 i=1

w;iSij: (6)

The matrix exponentialandlogarithm areevaluatedef ciently us-
ing Rodrigues'formula [Murray et al. 1994]1 We also experi-
mentedwith exponentialandlogarithmfunctionsfor generamatri-
ces[Alexa 2002] which do not requirefactorizationinto rotations
andscales.However, the singularitiesof this approactpreventeda
stablesolutionof our minimizationproblem.

We choseto usethe matrix exponentialand logarithm because
we caneasilytake derivativesof theresultingnonlinearmodelwith
respecto w. For laterusein Section4.1, we notethatthe partial
derivativesof T ;(w) aregivenby

| |
DwTj(w) = exp _é wilog Rij log Ry; é. WiSij
i=1 | i=1
|
+ exp §wlog Rij S (7)
i=1

4 Numerics

In this sectionwe shov how to solve thefollowing nonlinearanalog
of thelinearinversionin Eq. (4):

X ;W = argrp_\ilkax (M(w) + ) k; (8)

whereM is now afunctionthatcombineghefeaturevectorsnonlin-
early accordingto Eq. (6). Thisis a nonlinearleast-squareprob-
lem which canbe solved using the iterative Gauss-Nwiton algo-
rithm [Madsenetal. 2004]. At eachiteration,alinearleast-squares
systemis solved which involves solving the normal equationsby
Cholesly decompositiorandback-substitutionWe now elaborate
onthekey stagef this procedure.

4.1 Gauss-Newton Algorithm

In MESHIK, the Gauss-Niton algorithmlinearizesthe nonlinear
functionof the featureweightswhich de nesthefeaturespace:

M(w+ d) = M(w) + DyM(w)d:
Then,eachGauss-Nerton iterationsolvesa linearizedproblemto
improve xix andwg—the estimatef the vertex positionsandthe
weightvectoratthek-th iteration:

di X1 = argrginka DuwM(wi)d (M(w )+ )k  (9)
X

Wi 1= Wi+ di:

The processepeatsuntil convergence ,which we detectby moni-
toringthechangen theobjective function f,, = f(w), thegradient

INotethatthe matrix logarithmis a multi-valuedfunction: eachrotation
in SO(3) hasin nitely mary representations so(3). In somecasesinter
polationmay requireequivalentrotationsin a differentrangewhich canbe
computedby addingmultiplesof 2p. However, ourimplementatiorof the
matrix logarithmalwaysreturnsrotationanglesbetween p andp.

of the objective function, andthe magnitudeof the updatevector
d, [Gill etal.1989]:

kfk fx 1ky < e(1+ fy)
KDw f(W)ky < °e(1+ fy)
kdyky < ' e(1+ kwyky):

In ourexperimentstheiterationcorvergesafteraboutsix iterations
with e= 1:0 10 .

Solving the linear least-squaregroblemin Eg. (9) leadsto a
systemof normalequations:

AA g = A (MW +0); (10)

whereA is asparsanatrix of size9m (3n+ I) of theform
G N #
A= G Jz
G J3

RecallthatG is alsoa very sparsematrix, having only four entries
perrow. As wewill seein Sectiord.2,this permitsef cient numer

ical solutionof the systemdespiteits size. The threeblocksJ; are
theblocksof the Jacobiarmatrix Dy M (w) partitionedaccordingo

thethreevertex coordinates.

4.2 Cholesky Factorization

Without a specialpurposesolver, the normalequationsn Eq. (10)
in eachGauss-Netoniterationcantake aminuteor longerto solve.
This is muchtoo slow for aninteractve systemwhich, in our ex-
periencerequiresatleasttwo solutionsfor every seconaf interac-
tion. Thekey to acceleratinghesolveris to reusecomputationde-
tweeniterations. A directsolutionwith a generalpurposemethod
(e.g.,Cholesly or QR factorization[Golub and Loan 1996]) will
notbeableto reusethefactorizatiorfrom the previousiterationbe-
causeA continuallychanges.And, despitethe very sparsematrix
A~ A, conjugategradientcorvergestoo slowly evenwith a variety
of preconditioners.

Oursolutionusesadirectmethodwith specializedCholesly fac-
torization. We exploit the block structureof the systemmatrix:

2 3
GG G
GG G J Z
> A — 2 .
AA’E GG Gl (1)
XG BZG 1BG al,ry

The three G” G blocks, eachsparsen n matrices,are constant
throughoutthe iterations. If theseblocksare pre-factored the re-
maining portion of the Choleslky factorizationmay be computed
efciently.

First, symbolicCholesly factorizationU” U = A” A revealsthe
block structureof the uppertriangularCholesly factor:

2 R Ry 3
_ R Ry
Rs
where
R R= G G:

We precomputeR by sparseCholesly factorization[Toledo2003]
after re-orderingthe columnsto reducethe numberof additional
non-zeroentries[Karypis andKumar1999].
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Theonly equationghatremainto besolvedin everyiteration(to
computetheremainingblocksof U) are:

RR=GJ; 1 i 3 (12)
3

RZRs= 4 ¥J RR: (13)
i=1

In Eq. (12), backsubstitutionvith the precomputedR computeghe
blocksRy; Ry; R by solvingthreelinearsystemsTheseblocksare
in turn usedon theright-handsideof Eq. (13) to computethel |

matrixwhosedenseCholesly factorizationyieldsthelastblock Rs.
For alarge numberof examplesthis factorizationstepwill eventu-
ally becomehebottleneck.In ourexperimentshowever, with 1=20
or fewer examples,the solution of Eq. (12) for threedensen |

blocksandtheir usein thecomputatiorof R” R dominateshecost.

5 Experimental Results

We have implementedM ESHIK both asan interactve meshma-
nipulationsystemaswell asin anof ine applicationthatuseskey-
framedconstraintso solve for meshposesover time. In our in-
teractve systemtheusercanselectgroupsof verticesthatbecome
“handles”which canbeinteractively positioned As thehandlesare
movedtherestof the meshis automaticallydeformed.

Figure5 demonstratethe power of MESHIK. Givena cylindri-
calbarin two poseq5 A), onestraight,andonesmoothlybent,the
userconstraingheleft capto stayin placeandmanipulate®never
tex on theright cap. Usingthe nonlinearfeaturespace pur system
is ableto generalizeto ary otherbendof the barin the sameplane
(5B). In contrastthelinearfeaturespacg5 C) interpolateghetwo
examplespoorly (thetip of thebarcollapsesn betweerthe exam-
ples) and extrapolateseven more poorly. If the end of the baris
draggederpendiculato theexamplebend(5 D), it deformsdiffer-
ently sinceno examplehasdemonstratetiow to deformin this di-
rection.Givenanadditionalexample thebarcanbendin thatplane
(5E) aswell asthespacen betweer(5 F). In Figurel, we shav that
by supplyinga differentexample,the bar bendsdifferently. Thus,
MESHIK doesnot prescribeone type of deformationbut instead
derivestheappropriateclassof deformationgrom the examples.

In Figure6 we demonstratbionv MESHIK canbeusedto posea
characterTenexampleposesshavn in greenin thetop row, were
usedfor this demonstration.Two handleverticesare selectedas
constraintson the front andbackfoot of the referencgpose(6 A).
By draggingthe front foot forward, the lion bendsits front legs at
the hip andstretchests body forward. The positionof the lion's
paw canbe preciselycontrolledby the user In (6 B) the pav has
beenpulled fartherforward thanits positionin any example. The
bodyof thelion deformsrealisticallyto meetthe constraintsothat
thereis no discernibledistortion. In orderto poseonly the front
right leg and keepthe restof the body x ed (6 C), we selectthe
unwantedregion (shavn in red) andremove it from the objectve
function by building a featurespacethat ignoresthe deformation
gradientsof the selectedtriangles. This region remains x ed in
place but doesnotcontributeto theerrorasthe optimalweightsare
computed. This allows the userto posethe front leg independent
of therestof the body After performingthe sameoperationfor
thetail (6 D), the userhasachiezed a novel posedifferentfrom all
thoseshawvn in the exampleset.

Figure 7 demonstratefiov MESHIK can posea meshwhose
deformationshave no ohvious skeletalrepresentationa ag blow-
ing in thewind. The input for this demonstrations fourteen ag
examplesfrom a dynamicsimulation,shavn in thetop row. Start-
ing with anundeformedag (7 A), theuserarbitrarily positionsthe
four cornersof the ag (7 B-D). Theinteriordeformsin acloth-like
fashion. By key-framingthe positionof the constraintsover time,
we canevencreateananimationof awalking ag (7 E-F).

Mesh Verts Tris | Ex | Factor | Solve | Total
Bar 132 260 2 0.000| 0.000| 0.015
Flag 516 932 | 14 | 0.016| 0.015| 0.020
Lion 5,000| 9,996 | 10 0.475| 0.150 | 0.210
Horse 8,425| 16,846| 4 0.610| 0.105| 0.160
Elephant| 42,321 | 84,638 | 4 | 13.249| 0.620 | 0.906

Tablel: Numberof vertices triangles,andexamplemeshesswell
astiming datafor the demonstratedesults.
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Figure4: Solwe time asa function of the numberof examplesfor
thehorseandelephantmeshes.

Figure 8 shaws our systemusedto producea galloping anima-
tion. Four exampleposesof a horsewere usedasinput, andone
vertex on eachfoot of the horsewas key-framedto follow a gal-
lop gait. The positionsof the remainingverticesof the horsewere
chosenby our systemfor eachframe, resultingin a galloping ani-
mation.If wereplacethefour horseposeswith thoseof anelephant
andusethe samekey-framedfoot positions,we computea gallop-
ing elephant.

Whengeneratingnimationswith ourof ine applicationtempo-
ral coherencés important.Sinceour deformatiorsystems nonlin-
ear asmallchangen theconstraintsnayresultin alargechangen
theresultingdeformation.In orderto achieve temporalcoherence,
we addthe additionalterm pjjw  wgjj to the objective functionin
Eq. (8). This encouragethe new blendingweightsw to be similar
to the onesfrom the previous frame of animationwg. We useda
valueof 100for thefactorp in all animations.

The conferenceDVD-ROM containslive recordingsof interac-
tive editing sessionswith the bar examplefrom Figure 5 andthe
lion from Figure6, aswell asthe ag animationfrom Figure7 and
thehorseandelephantinimationdrom Figure8.

Table 1 givesstatisticsaboutthe meshesusedin our resultsin-
cludingthenumberof vertices the numberof trianglesthenumber
of examples,andthe runningtimes. The timing wasmeasurewn
a 3.4 GHz Pentium4 PC with 2GB of RAM. The “factor” col-
umn indicatesthe time requiredto computethe Cholesly factor
izationof G” G. This computatioris a preprocessasthefactoriza-
tion doesnot changeor a particularchoiceof handlevertices. The
“solve” columnindicateshetime requiredto performoneiteration
of the Gauss-Nerton algorithmdescribedn Section4. After each
iteration, the userinterfaceis updatedand new positionsfor the
constrainechandleverticesare queriedby the solver. This allows
our systemto remaininteractve duringthe nonlinearoptimization.
The “total” columnincludesthe solve time plus additionalunop-
timized booklkeepingthatis performedduring eachiteration. Fig-
ure4 graphghesolve time asafunctionof thenumberof examples
for thehorseandelephantmeshes.
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A B C D E F

Figure5: Using MESHIK to posea bar: (A) Two exampleposessuperimposedn top of eachother (B) The left capof the unbentbaris
constrainedo stayin placewhile a singlevertex on theright sideis manipulated.Threeeditsusingour nonlinearfeaturespaceareshown.
NotethatMESHIK generalizedbeyondthe two examplesandcancreatearbitrarybendsin the plane.(C) In contrastthelinearfeaturespace
interpolatesandgeneralizepoorly. (D) In this top down view, moving the constrained/ertex perpendiculato the bendcauses shearsince
no exampleswere provided in this direction. (E)—(F) Providing one additionalexamplein the perpendiculadirectionallows MESHIK to
generalizeo bendsin thatdirectionaswell asin thespacen between.

A B C D

Figure6: Top row: Tenlion exampleposes.Bottomrow: A sequenc®f posingoperations.(A) Two handleverticesarechosen.(B) The
front leg is pulled forward andthe lion continuouslydeformsasthe constraintis moved. (C) The redregion is selectecandfrozensothat
thefront leg canbe editedin isolation. (D) A similar operationis performedo adjustthetail. The nal poseis differentfrom ary individual

example.

Figure 7: Posingsimulated ag. Top row: Fourteenexamplesof a ag blowing in the wind createdwith a cloth simulation. (A) An
undeformedag is usedasthe referencepose. (B)—(D) By positioningonly the cornersof the ag, we createrealistic cloth deformations
without requiringary dynamicsimulation. (E)—(F) Two framesfrom ananimationin which the constraintson the cornerswerekey-framed

to producea walking motion.

Figure8: Gallopinghorseandelephantinimationsverecreatedusingonly four examplesof eachalongwith the samekey-framedmotion of
onevertex on eachfoot.
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6 Conclusion

Intuitive manipulationof meshesis a fundamentaltechniquein
modelingandanimation:modelerauseit to edit shapesndanima-
tors useit to posethem. MESHIK is an easy-to-usenanipulation
tool thatadaptsto eachtaskby learningfrom examplemeshes.It
providesadirectinterfacefor specifyingthe shapeby allowing the
userto selectandadjustary subsebf vertices.It relievesthe user
from having to adjustevery vertex by extrapolatingfrom examples
to positionthe remainingverticesautomatically
Currentlimitations of our methoddirect us to areasof future
work. Thetime requiredto solve the nonlinearoptimizationlim-
its interactize manipulationto meshesith around10,000vertices
and 10 examples. Differentmeshrepresentationssuchas subdi-
vision surfacesor multiresolutionhierarchiesmay allow a more
ef cient formulationof MESHIK for complex objects.Experimen-
tationwith otherfeaturevectorsandnumericaimethoddor theirin-
versionmayalsoyield improvement.Differentfeaturevectorsmay
captureheessentiashapgropertiesnorecompactlyor yield adif-
ferentinversionprocesawith a moreef cient numericalsolution.
MEsHIK describes featurespacewith a nonlinearblendof all
exampleshapesThis choiceis effective for a smallnumberof ex-
amples,but describingcomplex meshcon gurationsmay require
usingmary exampleshapesAlthoughthis decreasetheinteracti-
ity of our presensystemnew representationsf the featurespace
couldbe designedvhenexamplesareplentiful. Thelinearfeature
spacewe describds a possiblestartingpoint for suchexamination.
Perhapghe mostexciting extensionof our systemwould cap-
ture dynamiceffectssuchasinertiaandfollow-through. Our only
experimentin this arenawasthe simple extensionof the objectve
functionto encouragemallweightchangedetweersuccessie an-
imation frames. A comprehensi treatmentwould introducedy-
namicfeaturesanda mechanisnfor matchingboth staticand dy-
namic featurevectors. Sucha systemmight ultimately provide a
practicalcompromisebetweenthe automationoffered by physical
simulationsandthe control provided by key-framingtechniques.
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