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Trilinear Map
Injectivity
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F(u1) = x1

F(u2) = x2

x1 = x2 ⟺ u1 = u2



58 Tets / Hex
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Tetrahedra 
Generation
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Validity
Necessary: 8 Corner Tetrahedra 
Sufficient: all 58 Tetrahedra 

Ushakova 2011
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Situation
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Target vs. Physical Space

•  
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Garanzha & al 2021

Untangling using Foldover-Free Maps
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Fig. 6 in Foldover Free Maps



New Situation

7DUJHW

3K\VLFDO

12



Reference Space and Formulas
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fϵ(J) :=
trJTJ

(χ(det J, ϵ))2
3



Epsilon
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χ(det J, ϵ) :=
det J + ϵ2 + det2 J

2
, ϵ ≥ 0

Fig. 2 in Foldover Free Maps



Basic  
Algorithm
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fϵ(J) :=
trJTJ

(χ(det J, ϵ))2
3
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fϵ(J) :=
trJTJ
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ϵk =
2 μk(μk − Dk+1

min ), Dk+1
min < μk

0, Dk+1
min ≥ μk

σk = max ( 1
10

,1 −
F(Xk+1, ϵk)
F(Xk, ϵk) )

μk := (1 − σk)χ(Dk+1
min , ϵk)
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There is room for improvement!
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Amount of 
Tetrahedra
Reduction by Factor of 
58 / 8 = 7.25
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# Hexahedra # Tetrahedra

2832 2832 * 58 = 164’256

2832 * 8 = 22’656



Blobs
Use of exact Validity Condition 
Johnen & al 2017
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156 invalid 45 invalid



Blob Construction
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Blobs
Reduction by Factor of 
22’656 / 2’536 = 8.93 
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# Hexahedra # Invalid 
Hexahedra


# Blob 
Hexahedra


# Tetrahedra

2832 45 317 2832 * 8 = 22’656

317 * 8 = 2’536



Boundary 
Relaxation
45 invalid Boundary Hexahedra
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Boundary Penalty
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E = F + Fpenalty

Fpenalty = (poscurrent − posstart)2 ⋅ factor



Results
Marschner & al 2020
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• Times:


• Ours: 1.24474 s


• SOS: 2.45 min


• Boundary Displacement (Scaled)


• avg: 1.171649E-05


• max: 4.158615E-03

Dolphin
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Before

After



• Times:


• Ours: 29.7245 s


• SOS: 22.15 min


• Boundary Displacement (Scaled)


• avg: 8.840065E-03


• max: 7.445004E-01

Horse
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Before After



Conclusion

• 58 Tets / Hex
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Thank you for your attention!

Any Questions?
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